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Abstract

Non-Hermitian topological phases and the non-Hermitian skin effect (NHSE) have attracted sig-
nificant attention in recent years, yet effectively controlling these phenomena remains challenging.
Here, we propose a one-dimensional non-Hermitian Su—Schrieffer—Heeger model implemented
on a circuit platform, incorporating a tunable next-nearest-neighbor (NNN) hopping element. We
systematically investigate the influence of NNN hopping on both topological properties and the
NHSE. By mapping the circuit Laplacian to the Hamiltonian, we analyze the effects of NNN hop-
ping on the admittance spectrum, eigenfrequency spectrum, and spatial impedance distribution.
Our results demonstrate that increasing the NNN hopping strength suppresses the NHSE, driv-
ing boundary-localized eigenstates to extend into the bulk, a transition quantitatively character-
ized by the inverse participation ratio. Further analysis using non-Bloch band theory reveals that
while NNN hopping does not alter the quantized values of topological invariants, it shifts the criti-
cal parameters of topological phase transitions. This work provides a theoretical platform for sim-
ulating and controlling non-Hermitian topological states in circuits and establishes a quantitative
foundation, through generalized Brillouin zone deformation and non-Bloch invariants, for design-
ing novel non-Hermitian topological devices based on coupling engineering.

1. Introduction

Topological phases in condensed matter physics have attracted significant interest in recent years, partic-
ularly with the introduction of non-Hermitian properties in topological insulators, leading to novel phe-
nomena such as the non-Hermitian skin effect (NHSE) and exceptional points [1-7] . Non-Hermitian
systems exhibit more complex spectral structures and richer topological features than their Hermitian
counterparts, with the NHSE [8-15] and exceptional points [16-20] standing out as distinctive hall-
marks. Under open boundary conditions (OBCs), eigenstates in non-Hermitian systems localize expo-
nentially near the boundary a signature of the skin effect while exceptional points arise when eigenvalues
and eigenvectors coalesce at specific parameter values. In Hermitian systems, topological properties are
typically characterized by invariants defined on the Brillouin zone. In non-Hermitian systems, however,
the conventional bulk-edge correspondence [21-23] often breaks down, rendering topological invariants
defined under periodic boundary conditions (PBCs) inadequate for predicting boundary states under
open boundaries. To overcome this limitation, non-Bloch band theory has been developed [24-27].
This framework extends the Brillouin zone to a generalized Brillouin zone (GBZ) [28] and introduces
non-Bloch topological invariants [29-32], providing a rigorous theoretical description of non-Hermitian
topology [33-39].

While significant progress has been made in realizing topological insulators in optical, acoustic, and
mechanical, and cavity magnonic systems [40-43], their fabrication often involves complex processes
and stringent experimental conditions. Unlike photon-mediated interactions in waveguide QED, the
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next-nearest-neighbor (NNN) hopping in our lumped-element electrical circuit is directly engineered
and independently tunable via circuit parameters. This feature makes the circuit platform particularly
suitable for implementing the present model. Realizing non-Hermitian topological phases in quantum
[44-49] and photonic platforms [50-55] remains challenging, primarily due to the difficulty in imple-
menting controllable gain and loss. In this context, electrical circuit systems have emerged as a promis-
ing platform due to their high parametric stability, strong tunability, and low sensitivity to environmen-
tal perturbations. Moreover, gain and loss can be conveniently implemented using active components
such as operational amplifiers, enabling the observation of rich non-Hermitian phenomena, including
parity-time (PT)-symmetric phase transitions [56—58] and non-reciprocal transmission within a single,
compact setup. Thus, circuit systems provide a versatile and promising testbed for exploring topological
physics in both Hermitian and non-Hermitian regimes, with potential for future experimental realiza-
tions. Despite considerable progress, the effective dynamic control of the NHSE and the modulation of
topological phases in non-Hermitian systems remain key challenges. It is also worth noting that most
existing studies, including the present work, have been conducted theoretically and numerically; direct
experimental demonstrations in this direction are still relatively limited. Notably, previous studies on cir-
cuit platforms have largely focused on non-Hermitian models with nearest-neighbor couplings [51-67] .
However, the coupling range a fundamental and tunable degree of freedom in lattice models and its sys-
tematic role in regulating non-Hermitian systems, affecting topological phase transitions, the skin effect,
and the bulk-boundary correspondence, have remained underexplored in experimentally feasible plat-
forms. Its underlying physical mechanisms and potential applications await further clarification.

In this work, we investigate the influence of NNN hopping on the topological properties of a non-
Hermitian Su—Schrieffer—Heeger (SSH) model. We first derive the real-space Hamiltonian with NNN
hopping and obtain its Bloch form. The model is then mapped onto an electrical circuit, where the
grounded Laplacian corresponds directly to the Hamiltonian. By varying the NNN hopping strength,
we systematically analyze its impact on the admittance spectrum, eigenfrequency spectrum, spatial
impedance profiles, and eigenstate distributions, with a focus on the NHSE. The inverse participation
ratio is used to quantify the transition from localized to extended states. Furthermore, within the frame-
work of non-Bloch band theory, we explore how NNN hopping alters the GBZ and the associated non-
Bloch topological invariants, revealing how coupling-range engineering reshapes non-Hermitian topo-
logical phases. Our results show that increasing the NNN hopping suppresses the NHSE, drives the GBZ
toward the unit circle, and induces a discrete jump of the non-Bloch winding number, signaling a topo-
logical phase transition. This work establishes NNN hopping as a controllable parameter for manipulat-
ing non-Hermitian topological states and provides a theoretical foundation for designing tunable topo-
logical devices.

This paper is organized as follows. In section 2, we derive the real-space and momentum-space
Hamiltonians and establish their relation to the circuit Laplacian. In sections 3-5, we discuss the evo-
lution of topological properties under NNN hopping and present circuit simulations to validate the the-
oretical results. Finally, section 6 summarizes our conclusions.

2. Model and circuit implementation

We consider a one-dimensional non-Hermitian SSH model with NNN hopping, as depicted in

figure 1(a). Each unit cell consists of two inequivalent sublattice sites, labeled A and B. In real space, the
intracell hopping between A and B is denoted by #; &+, /2, while the intercell hopping between site B
of cell n and site A of cell n+1 is given by t, +,/2. Additionally, an NNN hopping term with ampli-
tude t; directly couples site A in cell # to site B in cell #+ 1, where NNN denotes NNN hopping across
adjacent unit cells, distinct from genuine long-range interactions spanning many sites. The Hamiltonian
reads

H= | (= 2 ) ehcant (0 2) el

n

V2 V2
+ (l‘z - 7) CZ,Bcn+1-,A + (1‘2 + j) CIH—I,ACmB

+15 (Ci,Acn-‘rl,B + Cl+1,BCn,A) } ) (1)
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Figure 1. Schematic of the one-dimensional non-Hermitian SSH model with a NNN hopping and its circuit implementation.
(a) The lattice model: each unit cell (dashed box) contains two inequivalent sublattice sites (A) and (B). The intracell hopping
amplitude is f; =1 /2, the intercell hopping between site B of cell n and site A of cell n + 1 is & ==, /2, and an NNN hopping
t3 directly connects site A in cell # to site B in cell # + 1. (b) The corresponding one-dimensional non-Hermitian SSH circuit
model. (c) A unit cell of the circuit, with nodes A and B. Node A is grounded by a capacitor Cy + 2C, and an inductor Ly; node
B is grounded by a capacitor Cy + 2C; and an inductor Ly. (d) Structure of the negative impedance converter with current inver-
sion (INIC) used to realize non-Hermitian couplings.

where cl, 4 (cn,a) and CZ, s (cuB) are the creation (annihilation) operators for sublattices A and B in the
nth unit cell, respectively. The model reduces to the conventional Hermitian SSH chain when v, =, =
;3 = 0.

A circuit analogue of the above model is shown in figure 1(b). Each unit cell contains two nodes
labeled A and B. Each node is grounded by a parallel capacitor Cy and an inductor Ly. Specifically, node
A is grounded by a capacitor Cy 4+ 2C, and an inductor Ly, while node B is grounded by a capacitor
Co 4 2G5 and an inductor Ly. The hopping amplitudes #; and #, are respectively mapped to capacitors C,
and C,. The non-Hermitian parameters 7, and ~, are realized by negative-impedance converters involv-
ing capacitors C; and Cy (see figure 1(d)), while the NNN hopping #; is represented by capacitor Cs.

Applying Kirchhoft’s and Ohm’s laws to nodes A and B in cell x yields

= (o G) (Vi = Vi) +iwCs (V= V™) i (Co - Co) (Vi - V57
+iv’,§+iw(co+2c3)wg, )

I = iw(C—GC) (V- Vi) +iwCs (V- Vi) +iw(C+Cy) (V5 — Vi)
+ﬁV’,§+iw(Co+2c3)vg, 3)

where I} and V3, (n = A, B) denote the external current and voltage at node n of cell x.
Imposing Bloch periodicity, VX! = elkV¥ (n = A, B), the circuit equations can be written in a com-
pact Laplacian form

J(w) =iwlel + H(k)], (4)
with 1 the identity matrix, e = C; + C, + C3 + C4 + Cs — ﬁ’ and
- 0 Al+ Ble 4 Cselt
H(k) = (Cl + Cse~* 4 D1elt 0 ’ )
where
Al=C +Cs, Bl=C,—Cy, Cl =C —Cs, Dl=0C,+Cy (6)
The eigenfrequencies of the circuit follow from the eigenvalues €, of H(k)
1
Ja (7)

_27T\/(C1+C2+C3+C4+C5—€H)L0.

3



10P Publishing

New J. Phys. 28 (2026) 084518 C-JHan et al

Thus, the circuit Laplacian J(w) directly maps to the Hamiltonian H(k) up to an overall factor and an
energy shift, establishing a faithful correspondence between the electrical circuit and the tight-binding
model.

Transforming the real-space Hamiltonian in equation (1) to momentum space via the Fourier expan-
sion

1 .
Cha = W\] zk:elknck,aa o= AaB» (8)

where k is the Bloch wave vector and N is the number of unit cells, the Bloch Hamiltonian becomes

H(k) = < 0  hup (k)> ’ 9)

hsa(k) 0
with
hag (k) = (t1 - %) + (tz + %) e~k 4 ik, (10)
hpa (k) = (tl + %) + <t2 - %) e 4 e ik, (11)

Note that for v; # 0 or 7, # 0, hga(k) # hLB(k); hence H(k) is non-Hermitian. The energy bands are
obtained from the eigenvalues of H(k)

E(k) = £+/hap (k) hpa (k). (12)

To make the parameter mapping explicit, comparing equations (9) and (10) yields the following one-to-
one correspondence between circuit capacitances and lattice parameters (up to an overall normalization
factor that can be absorbed into the global energy scale)

Hh =Cy, %:Cé, L =0C,, %:C% t; = Cs. (13)
Thus, Cs; and C, determine the nonreciprocal hopping amplitudes 7, /2 and v, /2, respectively, while Cs
directly corresponds to the NNN hopping amplitude .

We note that the non-Hermitian Hamiltonian obtained from the circuit Laplacian describes only the
deterministic response of the circuit. In any real implementation, active elements such as INICs intro-
duce noise, and the steady-state covariance is determined by both the non-Hermitian drift matrix and
the noise covariance matrix. Correlation functions therefore cannot be inferred from the non-Hermitian
Hamiltonian alone. Since our analysis is confined to coherent response quantities, a Langevin treatment
of noise is not required. This expression will serve as the starting point for analyzing the band structure
and topological properties in the following sections.

3. Band structure modulation by NNN hopping

Having established the mapping between the circuit Laplacian and the tight-binding Hamiltonian, we
now examine the band structure modulation induced by NNN hopping. Based on the non-Hermitian
SSH model with NNN hopping #; and asymmetric hoppings 71,7,, the evolution of the real and imag-
inary parts of the energy bands with #; and wave number k in figure 2 reveals rich physics arising from
the interplay between non-Hermiticity and topology. The Bloch Hamiltonian respects a chiral symme-
try, and the eigenvalues are E(k), where hyp and hpy are not complex conjugates of each other due to
1,72 7 0, leading to a complex energy spectrum. The real parts of the bands, shown in figures 2(al)
and (a2) for the upper and lower bands respectively, directly reflect topological phase transitions. For
small 5, a gap exists between the two bands. As t; increases, the gap closes at specific k points (e.g. at
k=0 or k=) and then reopens, signaling a transition from a topologically nontrivial phase to a trivial
one. The NNN hopping amplitude #; modifies the dispersion through the e factors in hapz and hpa,
thereby controlling the location of gap closing and the curvature of the bands.

The imaginary parts of the bands, presented in figures 2(b1) and (b2), manifest the non-Hermitian
nature. Because 7, and 7, break reciprocity, the product hag(k)hpa(k) becomes complex, giving rise
to nonzero imaginary parts of the energy, whose signs indicate loss (negative) or gain (positive). The
alternating signs of the imaginary part across k space indicate that the system is in a PT symmetry bro-
ken phase, where eigenstates appear in complex-conjugate pairs. When the imaginary part vanishes at
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Figure 2. (a) The real part of energy E as a function of 3 and k/7. (al) upper band (a2) lower band. (b) The imaginary part
of energy E as a function of #3 and k/7. (b1) upper band (b2) lower band. Other parametersare t; = 1,1, = 1.4,y; = 1/3,
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Figure 3. (a) ARe(E) as a function of t3 and k/7. (b) AIm(E) as a function of t3 and k/. Other parameters are ty = 1, 1, = 1.4,

Y1 = 1/3, Y2 = 2/3

some k as t3 varies, an exceptional point is encountered, where the real bands also become degenerate.
Exceptional points are singularities unique to non-Hermitian systems and play a crucial role in topolog-
ical transitions and sensing applications. Thus, the parameter t; plays a dual role, it tunes the topolog-
ical structure of the real bands by modifying the phase factors in hsp and hps, and it also controls the
distribution of the imaginary parts through its coupling with ~;,v,, thereby affecting the degree of PT
symmetry breaking. The coordinated evolution of the real and imaginary bands with #; and k in figure 2
provides a clear picture of the interrelation among band topology, exceptional points, and PT-symmetry
breaking in non-Hermitian topological systems.

Figure 3 presents the differences between the upper and lower energy bands, defined as ARe(E) and
AIm(E), as functions of the NNN hopping amplitude #; and the wave number k/7. These quantities
directly characterize the gap structure and the degeneracies in the complex energy spectrum, providing
complementary information to the individual band structures shown in figure 2. The real part difference
ARe(E), displayed in figure 3(a), reveals the locations where the real parts of the two bands become
degenerate. For small t3, ARe(E) is nonzero over most of the Brillouin zone, indicating a finite real
energy gap. As 3 increases, regions where ARe(E) = 0 emerge, particularly near k/7 =0 and k/7m = 1.
These gap-closing lines are hallmarks of topological phase transitions: when the system parameters cross
such a line, the real bands close and then reopen, typically accompanied by a change in the topological
invariant. The NNN hopping #3 controls the positions and the number of these gap-closing points by
modifying the phase factors in hap(k) and hpa (k).

The imaginary part difference AIm(E), shown in figure 3(b), reflects the non-Hermitian nature of
the system. Since 7; and -y, break reciprocity, the energies acquire nonzero imaginary parts, and Alm(E)
captures how the imaginary parts of the two bands differ across parameter space. The alternating pos-
itive and negative values of AIm(E) indicate that the system resides in a PT-symmetry broken phase,
where eigenstates appear in complex conjugate pairs. Notably, the intersections between the zero lines of
ARe(E) and AIm(E) correspond to exceptional points, where both the real and imaginary parts of the
two bands become degenerate simultaneously. These exceptional points are non-Hermitian singularities
that govern the system sensitivity and topological properties.

The above analysis of the band differences reveals the locations of gap closing and exceptional points.
The phase transition process is further clarified by calculating the density of states (DOS) distribution
of the real and imaginary parts of the energy bands as a function of the NNN hopping parameter t5. It

5
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Figure 4. (a) DOS distribution of the real part of the band as a function of #5. (b) DOS distribution of the imaginary part of the
band as a function of #3. Other parametersare t; = 1,1, = 1.4,y = 1/3,7, = 2/3.

should be noted that the DOS here is not the conventional DOS, but rather a statistical measure used to
characterize the density of eigenvalues within a specific energy range. Figure 4(a) shows the DOS dis-
tribution of the real part of the energy bands. As can be seen, the distribution of the real part does not
change significantly with increasing f3, the real energy gap remains present throughout, with only minor
variations in intensity. This indicates that the NNN hopping #; has a limited effect on the structure of
the real part of the bands. Within the parameter range examined, no real-gap-closing-driven topological
phase transition is observed.

In stark contrast, figure 4(b) displays the DOS distribution of the imaginary part of the energy
bands. For small 3, the imaginary-part DOS is concentrated near zero, indicating that the system resides
in the PT-symmetric phase with a purely real energy spectrum. As t; increases, the DOS gradually shifts
toward nonzero imaginary energy regions, signaling the system transition into the PT-symmetry broken
phase, where the energy spectrum becomes complex. This clear evolution from the zero-valued region
to the nonzero region vividly demonstrates the system transition from the PT-symmetric phase to the
PT-symmetry broken phase. Moreover, the behavior near the critical point of the phase transition can be
clearly identified, providing a visual basis for further analysis of the phase transition mechanism.

4. Spectral and localization properties under OBCs

4.1. Admittance and energy spectra under OBC and PBC
We investigate a finite non-Hermitian SSH circuit with N = 40 nodes, which incorporates NNN hopping
terms. The circuit Laplacian is given by

M -5 0 —J

-5 M =5 0-- (14)

NxN

where M = iUJ(C() + C] + Cz + C3 + C4 + C5) — i/(WLo), ]1 = iw(Cl + C3), ]2 = iW(Cl — C3>, I3 = iUJ(CZ +
Cy), J4 = iw(Cy — Cy), and J5 = iwCs. To clearly observe the effect of NNN hopping in a non-Hermitian
setting, we choose the parameters Cy = 470pF, C; = 300pF, C, = 680pF, C; = 100pF, C; = 200pF, and
Ly =47 pH. Under OBCs, we compute the admittance spectrum and eigenfrequency spectrum of the
non-Hermitian SSH chain and systematically examine how varying the NNN hopping capacitance Cs
affects these spectra, as shown in figure 5. Our results demonstrate that introducing NNN hopping sig-
nificantly modulates the topological and localization properties of the system.

For Cs = 0 (figures 5(al) and (bl)), the circuit exhibits the characteristic features of a standard non-
Hermitian SSH model. A pair of isolated in-gap modes appears in the admittance spectrum, correspond-
ing to topological edge states, while the bulk eigenstates are strongly localized at the right boundary a
clear signature of the NHSE. This behavior originates from the non-reciprocal hopping terms vy, 7,
(implemented via Cs and Cy), which induce exponential boundary accumulation of bulk states under
OBC, while chiral symmetry protects the topological edge states. As Cs increases to 300 pF (figures 5(a2)

6
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Figure 5. Evolution of the admittance spectrum and the spatial distribution of eigenstates of the non-Hermitian SSH circuit with
increasing NNN hopping capacitance Cs. The admittance spectra for (al) Cs = 0, (a2) Cs = 300 pF, and (a3) Cs = 500 pF.

The corresponding eigenstate distributions for the same parameters are shown in (b1)-(b3). Other circuit parameters are

Co = 470 pF, C; = 300 pF, C; = 680 pF, C3 = 100 pF, C4 = 200 pF, and Ly = 47 pH.
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Figure 6. Energy spectra of the non-Hermitian SSH model under PBC (black) and OBC (red) for increasing NNN hopping

capacitance Cs. The spectra are shown for (al) Cs = 0, (a2) Cs = 300pF, and (a3) Cs = 500 pF. Other circuit parameters are
shown in figure 5.

and (b2)), the NNN hopping #; (associated with Cs) preserves chiral symmetry (since it connects oppo-
site sublattices) while providing additional channels that enhance bulk connectivity. Consequently, the
edge states, though topologically protected, hybridize with bulk modes, and the isolated peaks in the
admittance spectrum broaden and weaken, and the spatial profiles of the eigenstates show noticeable
delocalization toward the interior of the chain. This indicates that NNN hopping suppresses the NHSE
by providing additional hopping pathways that reduce boundary-induced localization. At Cs = 500 pF
(figures 5(a3) and (b3)), the in-gap features in the admittance spectrum nearly vanish and the band
gap closes. Simultaneously, the eigenstates become almost uniformly extended throughout the lattice,
demonstrating that the NHSE is strongly suppressed. This evolution reflects a continuous transition from
a boundary-localized non-Hermitian phase to a bulk-extended, Hermitian-like regime, consistent with
the theoretical prediction that the GBZ contracts toward the unit circle as the NNN hopping strength
increases.

Further insight into the role of boundary conditions is gained by comparing the energy spectra
under PBCs and OBC for different values of Cs, as displayed in figure 6. In the absence of NNN hop-
ping (Cs =0, figure 6(al)), the PBC (black) and OBC (red) spectra deviate markedly in the complex
plane. The OBC spectrum contracts and distorts relative to the PBC one a hallmark of the NHSE, where
bulk states under open boundaries accumulate exponentially at the edges, shifting their eigenenergies
away from the Bloch bands. With Cs increased to 300 pF (figure 6(a2)), the PBC and OBC spectra move
closer together and their shapes become more similar, indicating reduced boundary sensitivity and a
suppression of the NHSE. When Cs reaches 500 pF (figure 6(a3)), the spectra under the two boundary
conditions nearly coincide and the band gap almost closes, signaling a transition into a bulk-dominated
regime that is largely insensitive to boundary conditions. This behavior corresponds to the contraction
of the GBZ toward the unit circle and aligns with the critical region of a topological phase transition
defined by non-Bloch invariants. By tuning the NNN hopping capacitance Cs, we can continuously
control the topological and localization properties of the non-Hermitian SSH system. The evolution of
both the admittance and energy spectra presents a consistent physical picture: enhanced NNN hopping
improves bulk connectivity without breaking chiral symmetry, and drives the system from a boundary-
sensitive non-Hermitian topological phase toward a bulk-extended, Hermitian-like regime. This process

7
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Figure 7. Spatial distributions of eigenstates |1 (x)|* = |t a(x)|*> + |9 5(x)|* under OBC and PBC for different NNN hopping
strengths. (al) and (b1) Cs =0, (a2) and (b2) Cs = 300 pF, (a3) and (b3) Cs = 500 pF. Other circuit parameters are shown in
figure 5.

reflects the contraction of the GBZ toward the unit circle. Our findings highlight the potential of a single
circuit parameter, Cs, to dynamically tune between distinct topological and localization phases, offering

a versatile platform for exploring non-Hermitian topology in an electrical-circuit context. These spectral
features provide strong evidence that NNN hopping reduces the sensitivity of the system to boundary
conditions. To directly visualize this suppression of the NHSE, we next examine the spatial distribution
of eigenstates.

4.2. Spatial delocalization of eigenstates

To directly visualize and quantify the suppression of the NHSE, we examine the spatial distribution of
eigenstates and the circuit impedance response under varying NNN hopping. The most representative
phenomenon in non-Hermitian systems is the NHSE, characterized by the exponential decay of system
eigenstates localized at boundaries. This phenomenon is ubiquitous in non-Hermitian systems, demon-
strating their sensitivity to boundary conditions. Such sensitivity causes the system wave function to
exhibit fundamentally different behaviors under periodic and open boundary conditions.

We next examine how NNN hopping modifies this effect. Figure 7 displays the eigenstate probabil-
ity density, |1 (x)|* = |14 (x)]* + |4 5(x)|%, for the non-Hermitian SSH model under OBC and PBC for
different NNN capacitances Cs, directly revealing how NNN hopping regulates the NHSE. For Cs =0
(figures 7(al) and (b1)), the signature NHSE is evident, under OBC, eigenstates are strongly localized
at one end of the chain, whereas under PBC, they are extended uniformly across the lattice. This stark
contrast exemplifies the boundary-induced exponential localization characteristic of the NHSE. As Cs
increases to 300 pF (figures 7(a2) and (b2)), the NNN hopping becomes significant. Under OBC, the
boundary-localized peaks diminish and states spread into the bulk, indicating a weakened skin effect.
Under PBC, the extended profile persists but acquires mild modulation. These changes show that NNN
hopping enhances inter-site connectivity, thereby suppressing the boundary attraction responsible for
the NHSE. For Cs = 500pF (figures 7(a3) and (b3)), the probability distributions under OBC and PBC
become nearly identical, both exhibiting almost uniform extension throughout the system. Here, the
NHSE is strongly suppressed, and the system sensitivity to boundary conditions is drastically reduced.
This marks a transition driven by NNN hopping from a boundary localized non-Hermitian phase to a
bulk-extended, Hermitian-like phase. From the perspective of real-space wavefunctions, figure 7 demon-
strates that NNN hopping can progressively weaken and nearly eliminate the NHSE by enhancing bulk
connectivity, without altering the chiral symmetry of the model. This shifts the system behavior from
being dominated by boundary sensitivity to being governed by bulk properties. These observations are
consistent with and reinforce the spectral and state-distribution results in figures 5 and 6, collectively
providing a coherent picture of how NNN hopping tailors non-Hermitian topological states.

Under open boundary conditions, as shown in figure 8(a), the eigenstate distributions display strong
inhomogeneity. When the NNN hopping Cs is small, the eigenstates are predominantly localized at
one end of the system (e.g. the left boundary), which is a hallmark of the NHSE a phenomenon where
non-Hermiticity causes a large number of eigenstates to become exponentially localized at the bound-
ary. As Cs increases, the localization direction shifts toward the opposite end (the right boundary),
demonstrating that Cs can effectively tune both the direction and intensity of the skin effect. In con-
trast, under periodic boundary conditions, as shown in figure 8(b), the eigenstate distributions are nearly
uniform, exhibiting typical Bloch-wave characteristics. This indicates that the system maintains trans-
lational invariance under PBC, with all eigenstates extended across the entire lattice. The striking con-
trast between the strongly asymmetric eigenstate distributions under OBC and the uniform distributions
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Figure 8. (a) Spatial distributions of eigenstates |t (x)|* = |t (x)|* + |1 5(x)|? under OBC for different NNN hopping
strengths Cs. (b) Spatial distributions of eigenstates |1 (x)|* = |1 4(x)|> + |2 5(x)|? under PBC for different NNN hopping
strengths Cs. Other circuit parameters are shown in figure 5.

under PBC directly reveals the extreme sensitivity of non-Hermitian energy spectra to boundary condi-
tions, as well as the complex interplay between bulk and boundary states.

Further analysis indicates that Cs, as the NNN hopping strength, not only modifies the distribution
of the imaginary parts of the energy bands (as shown in figures 2 and 3) but also controls the direc-
tion of the NHSE by modulating the effective non-reciprocal hopping strength. Under OBC, the transi-
tion of eigenstate localization from one end to the other signals a possible topological transition in the
skin effect, characterized by a change in the winding number or skin direction of the non-Hermitian
energy bands. This behavior is consistent with the evolution of the imaginary-part DOS in figure 4,
which shows a transition from the zero-valued region to nonzero regions, collectively illustrating that Cs
drives both the PT-symmetry phase transition and the real-space localization behavior of eigenstates. The
delocalization of eigenstates observed above indicates a fundamental change in the system’s response to
boundaries. A complementary probe of this transition is the impedance response, which directly reflects
the spatial distribution of circuit modes.

4.3. Impedance response as a probe of localization

The influence of NNN hopping terms on the NHSE is further validated by computing the system
impedance. The characteristic value and characteristic vector of Laplace matrix J can be used to rep-
resent the impedance between any two nodes in the resistance network. The Laplacian J is a real
symmetric N x N matrix with N real eigenvalues A, and an orthonormal basis of eigenvectors ¢, =
(¥ u1,- -, un) 1. The impedance between the nodes A and B is given by [68]

N

1 r r
ZAB:;W( fm_q/’iua)( A —Uhp)s (15)

where [ and r correspond to the left and right eigenvectors, respectively. In the circuit system, accord-
ing to Ohm’s law, the impedance between nodes A and B is Z45 = (V4 — Vg)/I. Then, according to the
Green function, we get the expression of impedance in the circuit system as (see equations (A11) in
appendix A for details)

N

1
ZABZEW(%A—%B)(VZM_V;B% (16)

The formula connects the impedance between any two nodes in the circuit network with the eigenvalue
and eigenvector of the Laplace matrix, so the impedance can reflect the intrinsic characteristics of the
circuit system. When j, = 0, Z4p — 0o, which means the impedance has a resonance peak at the natural
frequency of the system. Notably, the resonance peak corresponds one-to-one with the eigenstates of the
circuit. To compare impedance distributions across different coupling strengths, it is necessary to elimi-
nate absolute scale differences. Accordingly, we normalize the impedance magnitude in both theoretical
calculations and circuit simulations, defining the normalized impedance as

4

o (17)
| Z] max
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Figure 9. Resonance frequency shift with increasing parallel capacitance Cs under OBC. (a) Normalized impedance | Z|orm from
theoretical calculation. (b) Corresponding results from circuit simulation. Three values of Cs are shown: 0, 300 pF, and 516 pF.
Other circuit parameters are the same as in figure 5.

Van) !(a2) 3 (o1) * (o2) !o3)
0.8 0.8 2 1.5
B 15 . 05
£0.6 0.6 S 1
2 S|
N o4 0.4 N 0.5
0.5 9 .0
el I HW
0 0 0.5 05" 105
1 10 20 1 10 1 10 20 1 10 20 1 10 20
Site number Site number Site number Site number Site number Site number

Figure 10. With the increase of NNN hopping capacitance Cs, the spatial evolution of impedance in non Hermitian SSH circuits.
(al)—(a3) show the theoretical normalized |Z|norm results, while (b1)—(b3) show the corresponding circuit simulation results.
These columns correspond to Cs = 0, Cs = 300 pF, and Cs = 516 pF, respectively. Other circuit parameters are as in figure 5.

where |Z| iy is the maximum impedance magnitude among all nodes in the system for a given set of
parameters. This normalization procedure eliminates the absolute scale differences and highlights the
spatial variation of the impedance, facilitating a direct comparison of the localization and delocalization
behavior under different coupling strengths.

With this normalization, figure 9 illustrates the variation of the system resonance frequency with
increasing parallel capacitance Cs under OBC. Figures 9(a) and (b) clearly indicate that as Cs increases
from 0 to 300 pF and further to 516 pF , the resonance peak shifts systematically toward lower frequen-
cies. This behavior is consistent with the fundamental resonance formula f, = 1/(27 /LCe), where the
effective capacitance Ce includes the contribution of Cs. The increase in Cs raises Ce, thereby reducing
the resonance frequency. The three curves, ordered from right to left in terms of increasing frequency,
correspond to decreasing values of Cs, confirming the continuous tunability of the resonance frequency
through the parallel capacitance.

From a physical perspective, the parallel capacitance Cs, when placed across the resonant structure
under OBC, directly loads the terminal and modifies the total capacitive energy storage of the system.
Consequently, variations in Cs not only shift the resonance frequency but also alter the peak impedance
amplitude, as evident in the figure. This reflects changes in the energy storage and loss characteristics at
resonance, thereby modulating the input impedance of the system. The close agreement between theoret-
ical calculations and circuit simulations validates the accuracy of the underlying physical model. The the-
oretical curves are derived from an ideal circuit model that analytically solves the impedance frequency
response, while the simulations incorporate practical factors such as parasitic elements and layout effects.
The consistent trends and curve shapes confirm that the tuning mechanism via Cs is reliable and prac-
tically realizable. Minor discrepancies between theory and simulation attributable to non-ideal compo-
nents (e.g. parasitic capacitances, equivalent series resistance), stray couplings, numerical tolerances in
simulation software, or potential experimental noise do not affect the overall physical trend. These fac-
tors are inherent in any practical realization and do not alter the main conclusion regarding the suppres-
sion of the NHSE by NNN hopping.

In addition, we investigate the effect of NNN hopping on impedance and plotted the impedance dis-
tribution of each node under different coupling intensities. Figure 10 illustrates the systematic evolu-
tion of the spatial impedance distribution in the non-Hermitian SSH circuit under OBC as the NNN
hopping capacitance Cs increases. The change in the impedance profile provides direct and quantita-
tive evidence for the suppression of the NHSE by NNN hopping, revealing the system transition from
a boundary-localized to a bulk-extended phase. For Cs = 0 (figures 10(al) and (b1)), the impedance is
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Figure 11. (a) Impedance |Z| distribution as a function of Cs and Site number. (b) The impedance difference A|Z| distribution
as a function of Cs and Site number. Other circuit parameters are shown in figure 5.

strongly localized near the right boundary of the chain, exhibiting a sharp spatial peak. This concentra-
tion coincides with the boundary accumulation of eigenstates under the NHSE, a consequence of the
non-Hermitian hopping terms that cause exponential localization of bulk wavefunctions at the edge.
The impedance resonance thus reflects the same skin modes that appear in the admittance and eigen-
state spectra. The close agreement between theory and simulation confirms the faithful mapping between
the circuit Laplacian and the tight-binding Hamiltonian. When Cs is raised to 300 pF (figures 10(a2)
and (b2)), the impedance peak broadens and its height decreases substantially; the region of elevated
impedance extends from the boundary into the interior of the lattice. This delocalization indicates that
the NNN hopping provides additional hopping paths that reduce the boundary dominance, while pre-
serving the chiral symmetry of the model. The flattening of the impedance profile mirrors the spatial
diffusion of eigenstates observed, demonstrating the progressive weakening of the NHSE. At the largest
coupling strength, Cs =516 pF (figures 10(a3) and (b3)), the impedance becomes nearly uniform across
the entire chain. The boundary-localized resonance has almost completely vanished, and the system
behaves like a homogeneous bulk network. This near-uniform distribution signals that the NHSE is
strongly suppressed and that the influence of the open boundaries has become negligible. The circuit
thus enters a Hermitian-like extended regime, driven entirely by the NNN hopping.

To more accurately reveal the impact of NNN hopping on the impedance characteristics of the sys-
tem, we first define the impedance difference A|Z| to quantify the change in the impedance magnitude
at a node before and after connecting the capacitor Cs

AlZ| =|Zi(C5) | = Zi(0) ], (18)

where |Z;(Cs)| is the impedance magnitude at node i after connecting the capacitor Cs, and |Z;(0)| is the
impedance magnitude at the same node without the capacitor (i.e. Cs = 0). This difference provides a
direct measure of the net effect of NNN hopping on the impedance at each node. Figure 11 presents the
distribution of the node impedance |Z| (figure 11(a)) and the impedance difference A|Z| (figure 11(b))
as functions of the NNN hopping strength Cs, offering real-space evidence for understanding the com-
petition between the NHSE and NNN hopping. From figure 11(a), it can be observed that when Cs is
small, the impedance magnitude is predominantly concentrated at the right side of the system, exhibiting
clear boundary localization. This is a typical manifestation of the NHSE, under open boundary condi-
tions, a large number of eigenstates become exponentially localized at the boundary, leading to a signif-
icantly enhanced impedance response at that boundary. As Cs gradually increases, the impedance dis-
tribution, originally localized on the right side, begins to extend into the bulk region. The impedance
peak at the right boundary weakens, while the impedance values at bulk nodes increase. This evolution
clearly demonstrates a competitive relationship between NNN hopping and the NHSE, NNN hopping,
by introducing additional long-distance hopping channels, weakens the boundary localization induced by
non-Hermiticity, shifting the system response from boundary localization to a bulk-distributed profile.
Figure 11(b) further reveals the specific influence of NNN hopping on the system impedance through
the impedance difference A|Z|. When Cs is small, A|Z| is close to zero for most nodes, indicating that
the perturbation from NNN hopping is minor and the system remains dominated by the NHSE. As Cs
increases, regions where A|Z| was originally zero gradually develop nonzero distributions, and the pat-
terns of positive and negative values are highly consistent with the trend of impedance variation shown
in figure 11(a). This evolution quantitatively demonstrates that the introduction of NNN hopping sig-
nificantly alters the impedance characteristics of the system, and its effect progressively extends from
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Figure 12. (a)—(e) Spatial impedance distribution |Z]| at the resonance frequency for different Cs values. (a) Cs = 0,
(b) Cs = 360pF, (c) C5 = 450pF, (d) Cs = 590pF, and (e) Cs = 599 pF. Other circuit parameters are as in figure 5.

boundary nodes to bulk nodes as Cs increases, further confirming the competitive relationship between
NNN hopping and the NHSE.

To more intuitively reflect the influence of NNN hopping term on impedance, i.e. the weakening
effect of non-Hermite skin effect, we draw the spatial distribution of impedance at the resonance fre-
quency. Figure 12 demonstrates the crucial role of the NNN hopping term Cs in modulating the spa-
tial impedance distribution and suppressing the NHSE in a non-reciprocal circuit chain. As Cs increases
from 0 to Cs = 599 pF, the system undergoes a complete phase transition from a strong NHSE state to
a uniform bulk state. When Cs = 0 (figure 12(a)), the impedance is highly localized at the right bound-
ary of the system, exhibiting the characteristic signature of the NHSE. This phenomenon originates from
the non-Bloch band topology of non-Hermitian systems, where eigenstates with complex wavevectors are
defined on a generalized Brillouin zone, leading to exponentially localized wavefunctions in real space.
The impedance concentration follows an exponential decay profile Z(x) ~ Zoe /¢, where Z, repre-
sents the impedance amplitude at the boundary and ¢ is the localization length determined by the non-
reciprocal couplings C; and C;.

As Cs gradually increases to Cs = 360pF and Cs = 450 pF (figures 12(b) and (c)), the impedance
distribution undergoes significant changes: the initially boundary-localized impedance progressively
delocalizes and diffuses into the bulk, while the impedance magnitude at interior nodes rises accord-
ingly. This transformation corresponds to the partial suppression of the NHSE, whose physical mech-
anism lies in the fact that the NNN hopping Cs introduces additional multi-path interference effects
that disrupt the directionality of the original non-reciprocal coupling. When Cs reaches Cs = 590 pF
and Cs = 599 pF (figures 12(d) and (e)), the impedance distribution exhibits nearly uniform bulk char-
acteristics, indicating the complete suppression of the NHSE. Near the critical point C{ ~ C5 = 590 pF,
the system exhibits rich scaling behavior and finite-size effects. The impedance non-uniformity param-
eter x = (max|Z| —min|Z|)/(|Z|) diverges with a power-law dependence, x ~ |Cs — C5|~7,v =~ 0.67,
characteristic of a continuous phase transition. The localization length £ simultaneously diverges as
& ~|Cs — C§| ¥ with v = 1.0, consistent with theoretical predictions for non-Hermitian topological
phase transitions. This controllable phase transition process not only validates fundamental predictions
of non-Hermitian topological theory but also provides a physical foundation for designing tunable non-
reciprocal devices. The ability to dynamically suppress the NHSE through a single parameter adjustment
demonstrates the great potential of classical circuit platforms for simulating complex quantum phenom-
ena and realizing reconfigurable topological metamaterials. While the impedance profiles provide a qual-
itative visualization of the delocalization process, a quantitative characterization is necessary to capture
the transition more precisely. We therefore introduce the inverse participation rate (IPR) as a measure of
eigenstate localization.

4.4. IPR and multi-parameter competition

In non-Hermitian systems, the NHSE drives topological boundary states to localize at the system edge.
As the strength of the NNN hopping increases, these boundary states gradually diffuse into the bulk
region. This phenomenon indicates that NNN hopping can promote a transition from localized to
extended states. To test this hypothesis, we introduce the IPR as a quantitative measure of spatial local-
ization, defined as

L
IPR=>" " |¢(no)], (19)

n=1o0c{A,B}
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Figure 13. Evolution of the IPR with the NNN hopping capacitance Cs under OBC (red) and PBC (black). Other circuit parame-
ters are as in figure 5.

where L is the total number of unit cells, o = A, B denotes the sublattice index, and ¢ (n,0) is the
normalized eigenfunction amplitude on sublattice o of the nth cell. If the wave function is uniformly
extended over the whole system, the IPR becomes small. Specifically, for a state perfectly localized on a
single site, IPR — 1; for a perfectly uniform extended state, IPR ~ 1/L — 0 in the thermodynamic limit.
Hence, a larger IPR indicates stronger real-space localization, whereas a smaller IPR reflects a more delo-
calized (extended) state. By computing and analyzing the IPR under various NNN hopping strengths,
we can quantitatively trace the evolution of the localization-delocalization transition in non-Hermitian
systems, thereby revealing how NNN hopping modulates the NHSE. The distinct IPR behaviors under
OBC and PBC originate from the fundamentally different nature of eigenstates in non-Hermitian sys-
tems. Under PBC, translational symmetry enforces Bloch waves 1), ~ e*" with k real, resulting in uni-
formly extended states and IPR ~ 1/L — 0. Under OBC, the broken translational symmetry allows expo-
nential modes ¢, ~ " with |3] # 1, leading to boundary localization, i.e. the NHSE. The deviation of
| 8| from unity is quantified by the deformation of the GBZ away from the unit circle. As Cs increases,
the GBZ contracts toward the unit circle, reducing this deviation and thus monotonically decreasing
the IPR. The variation of the IPR with the NNN hopping capacitance Cs is displayed in figure 13 for
both OBC and PBC. The IPR quantifies the spatial localization of eigenstates, where a larger value indi-
cates stronger real-space localization. Under PBC, the IPR remains close to zero for all Cs, reflecting the
extended Bloch-like character of eigenstates in the absence of the NHSE. In contrast, under OBC the IPR
starts at a high value (approximately 0.32) when Cs = 0, signaling the pronounced boundary localization
characteristic of the NHSE. As Cs increases, the OBC-IPR decreases monotonically, dropping to about
0.12 at Cs = 500 pF. This continuous decline quantitatively demonstrates that enhanced NNN hopping
progressively suppresses the NHSE, driving the system from a boundary-localized regime toward a bulk-
extended one.

The suppression of the NHSE can be understood through the lens of non-Bloch band theory. In
our model, the bulk wavefunctions under OBC are superpositions of terms 1, ~ 3", where the com-
plex modulus |3| deviates from unity in the presence of non-reciprocal couplings. The NHSE strength
is directly tied to this deviation, with |/3| # 1 causing exponential boundary localization. Introducing
NNN hopping #; (implemented by Cs) modifies the characteristic equation det[H(5) — E] =0 of
the generalized Bloch Hamiltonian. As f3 increases, the relevant solutions /3 approach the unit circle
(|8 = 1), reducing the wavefunction exponential decay rate and thus suppressing boundary localiza-
tion. Concurrently, from a band structure perspective, the NNN hopping provides additional hopping
pathways that allow particles to bypass the boundary, causing the OBC energy spectrum to approach
the PBC spectrum and reducing sensitivity to boundaries. While this coupling provides additional hop-
ping pathways that compete with non-reciprocal hopping to suppress the NHSE, it does not break the
chiral symmetry protecting the topological edge states. The primary mechanism for delocalization is
the enhanced bulk connectivity, which facilitates wavefunction diffusion into the interior. Therefore,
NNN hopping suppresses the NHSE by reshaping the GBZ (bringing it closer to the unit circle) and
reducing the exponential localization of wavefunctions. This physical picture is consistently verified by
multiple observables: the decrease in the IPR (figure 13), the evolution of eigenstate distributions from
boundary-localized to bulk-extended (figure 7), and the homogenization of the spatial impedance pro-
file (figures 10 and 12). These results collectively outline how NNN hopping modulates non-Hermitian
topological states and localization behavior. The above investigations have focused on the influence of
NNN hopping on specific spectral and spatial observables. To gain a comprehensive understanding of its
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Figure 14. (a) IPR as a function of Cs and L under OBC. (b) IPR as a function of Cs and L under PBC. Other circuit parameters
are as in figure 5.

impact on the global topological properties, a systematic analysis using topological invariants is required.
In the following section, we therefore investigate the physical mechanism through which NNN hopping
influences these invariants.

While previous studies have primarily focused on fixed system sizes, revealing that the IPR decreases
with increasing NNN hopping strength, we extend the analysis to a range of system sizes. To investigate
whether the same phenomenon exists under larger or smaller system sizes (L ), we analyzed the varia-
tion of IPR with increasing NNN hopping strength under open boundary and periodic boundary con-
ditions for different system sizes, as shown in figure 14. Under open boundary conditions, as shown in
figure 14(a), when the NNN hopping Cs is small, the IPR remains high across the entire range of system
sizes and exhibits little dependence on L. This behavior indicates that the system is in a phase domi-
nated by the NHSE, a large number of eigenstates become exponentially localized at the boundary, with
a localization length much smaller than the system size, so that the IPR approaches a finite value even
as L increases. As Cs gradually increases, the IPR decreases significantly and begins to show a decreasing
trend with increasing L. This suggests that NNN hopping, by introducing additional hopping channels,
effectively weakens the boundary localization induced by the NHSE, causing eigenstates to extend into
the bulk and reducing the degree of localization. When Cs becomes sufficiently large, the IPR tends to
zero as L increases, indicating that the system has entered an extended phase where the NHSE is com-
pletely suppressed by NNN hopping.

In contrast, under PBCs, as shown in figure 14(b), the IPR decreases significantly with increasing
L across the entire range of Cs values, and the numerical values are much smaller than those under
OBC. This behavior is consistent with the expectation that eigenstates under PBC are Bloch waves: in
a translationally invariant system, eigenstates are extended throughout the lattice, and the IPR scales to
zero as the system size increases. Notably, even as Cs varies, the IPR under PBC consistently maintains
this extended-state characteristic, confirming that non-Hermiticity does not induce eigenstate localiza-
tion under PBCs, the skin effect is a phenomenon unique to open boundary conditions. Comparing the
behaviors in figures 14(a) and (b), the following physical mechanism can be identified: the eigenstate
localization in the non-Hermitian SSH circuit model is jointly determined by boundary conditions and
NNN hopping. Under open boundary conditions, non-Hermiticity drives the system to exhibit the skin
effect, resulting in boundary-localized eigenstates characterized by an IPR that is insensitive to system
size and remains high. The NNN hopping Cs acts as a tuning parameter that competes with the skin
effect, gradually suppressing boundary localization and driving the system toward an extended phase.
Under PBCs, translational symmetry eliminates the boundary dependence of the skin effect, and eigen-
states remain extended, with the IPR scaling to zero as L increases.

To quantitatively characterize the finite-size scaling of the IPR, we fit the OBC data in figure 14(a)
with the asymptotic form

const, Cs << CgSkin),

(skin)

IPR(L) ~
L=, GG,

(20)

where CgSkm) ~ 500 pF marks the onset of NHSE suppression. For Cs = 0, the IPR saturates to a finite
value IPR ~ 0.32 as L increases, confirming that the localization length is much smaller than the sys-
tem size. In stark contrast, at C5 = 500pF, the IPR exhibits a power-law decay IPR ~ L™ with o = 0.9,
extracted from the slope of the log-log plot. This value is close to the ideal extended-state limit o = 1,
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Figure 15. (a) For C4 = 200 pF, IPR as a function of Cs and Cs under (al) OBC) and (a2) PBC. (b) For C; = 100 pF, IPR as a
function of Cs and C, under (b1) OBC and (b2) PBC. Other circuit parameters are as in figure 5.

indicating that the eigenstates have become fully extended in the thermodynamic limit. The gradual
increase of o with Cs (from 0 to 0.9) mirrors the progressive contraction of the GBZ toward the unit
circle, providing a direct link between finite-size scaling and the non-Bloch geometric deformation dis-
cussed. Under PBC, the IPR follows IPR ~ 1/L for all Cs, consistent with the expected Bloch-wave scal-
ing and further confirming the absence of the skin effect under periodic boundaries.

We have previously explored the competition between NNN hopping and non-hermite skin effect,
but mainly through indirect methods. To more intuitively reveal the interaction between the two, we
directly investigated their competitive relationship. Figure 15 further investigates the dependence of the
IPR on the NNN hopping Cs and another coupling parameter (Cs or C4) in the non-Hermitian SSH
circuit model, under both OBC and PBC. Panel (a) fixes C; = 200 pF and examines the influence of
Cs and C; on the IPR, while panel (b) fixes C; = 100 pF and examines the influence of Cs and C; on
the IPR. As a quantitative measure of eigenstate localization, the IPR directly reflects the competition
between the NHSE and different coupling channels. In figures 15(al) and (a2) (with C, fixed), when C;
is small, the IPR remains low and exhibits little sensitivity to variations in Cs under both OBC and PBC.
As Cj increases, the IPR under OBC (figure 15(al)) increases significantly and shows a further decreas-
ing trend with increasing Cs, suggesting that C;, as an additional coupling channel, competes with the
NNN hopping Cs to keep the boundary localization. Under PBC (figure 15(a2)), the IPR remains consis-
tently low and shows little variation with Cs and Cj;, once again confirming that eigenstates are extended
under PBCs.

Similar behavior is observed in figures 15(b1) and (b2) (with Cs fixed). When Cj is small, the IPR
under OBC (figure 15(b1)) is low, indicating skin effect is weak. As C, increases, the IPR gradually
increases, but the enhancement of Cs further promotes the suppression of localization. This demon-
strates that C, also has a competitive relationship with NNN hopping. Under PBC (figure 15(b2)), the
IPR remains low and exhibits little variation with the parameters, further validating the decisive role of
boundary conditions in determining localization behavior. In the non-Hermitian SSH circuit model, the
degree of eigenstate localization is jointly determined by multiple coupling parameters (Cs, Cy, and Cs)
and the boundary conditions. Under open boundary conditions, the NHSE tends to localize eigenstates
at the boundary, while the coupling channels Cs, Cy, and Cs can individually influence the skin effect
to modulate this localization. Furthermore, when multiple coupling effects are simultaneously enhanced,
these coupling interactions exhibit distinctly different behaviors, thereby further modulating localization
phenomena. Under PBCs, translational symmetry eliminates the foundation for boundary localization,
and eigenstates remain extended, with the IPR staying at low values. These results not only deepen the
understanding of multi-parameter competition mechanisms in non-Hermitian systems but also provide a
clear parameter-tuning pathway for flexibly controlling the skin effect using circuit platforms.

The extensive analyses above ranging from the evolution of admittance and energy spectra to
the spatial distributions of eigenstates, impedance profiles, and the inverse participation ratio consis-
tently demonstrate that NNN hopping significantly suppresses the NHSE and drives the system from a
boundary-localized phase toward a bulk-extended regime. However, while these observables capture the
qualitative and quantitative changes in localization behavior, they do not directly address the underlying
topological nature of the phase transition. A complete understanding of how NNN hopping influences
the global topological properties requires a framework capable of restoring the bulk boundary correspon-
dence in non-Hermitian systems. In the following section, we therefore turn to non-Bloch band theory,
which introduces the generalized Brillouin zone and non-Bloch topological invariants, allowing us to rig-
orously characterize the topological phase transitions and reveal the role of NNN hopping in reshaping
the system topological order. The analyses above ranging from spectral evolution and eigenstate distribu-
tions to impedance profiles and IPR-consistently demonstrate that NNN hopping suppresses the NHSE
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and drives the system from a boundary-localized phase toward a bulk-extended regime. However, these
observables, while quantitatively capturing localization behavior, do not directly address the underly-

ing topological nature of the phase transition. A complete understanding requires a theoretical frame-
work capable of restoring the bulk-boundary correspondence in non-Hermitian systems. In the following
Section, we therefore turn to non-Bloch band theory, which introduces the GBZ and non-Bloch topolog-
ical invariants, allowing us to rigorously characterize the topological phase transitions and reveal the role
of NNN hopping in reshaping the system topological order.

5. Non-Bloch band theory and topological invariants

5.1. GBZ deformation

In contrast to Hermitian systems, non-Hermitian systems exhibit the distinctive NHSE, which leads to a
fundamental disparity between wave functions under periodic and open boundary conditions. The most
striking consequence is the dramatic mismatch between their energy spectra. This breakdown invalidates
the conventional bulk-boundary correspondence for describing topological properties in such systems.
To construct a self-consistent topological theory under open boundaries, it is essential to introduce the
GBZ and non-Bloch topological invariants, which correctly capture the bulk-boundary correspondence
in non-Hermitian settings. We begin with the one-dimensional non-Hermitian SSH model incorporating
a NNN hopping term t3, whose real-space Hamiltonian is given by equation (1). Writing the eigenvector
as |¥) = (...,%01.4,%1,8,%2.4,%25,...)" and inserting it into the Schrodinger equation H|t) = E|¢))
yields the coupled difference equations

Ewn,AZ(fz-F )1% lB+(tl_7>wnB+t3wn+lB7 (21)
Ep,p=1t31,_ 1A+(t1+ )1/JnA+<2—%>¢n+1,A~ (22)

We seek solutions that are superpositions of exponential modes,

wn,u=Z¢£{L» /~L:A»Bv (23)

j
with
o =810, Vy=prey. (24)

Substituting this ansatz into equations (21) and (22) gives

[(e+2)57+ (0= 2) +68] 0f) = E6), (25)
687+ (0 +2) + (- 2) 8] 08 = Eof. (26)

These equations can be compactly written as a generalized Bloch Hamiltonian

H(B)=Ry(B)oy +R_(B)o_, (27)

where
Re(B)=(b+2) g7 + (n-1) + 18, (28)
Ro(B)=t8"+ (n+ %) + (6 - —) B, (29)

and 04 = (0xxioy)/2. The eigenvalue equation
det[H (8) —E| =0 (30)

then becomes

= [(ter )ﬂ +<tl—%)+t3ﬂ}x{t3ﬂ +(t1+721)+(t27ﬁ)ﬂ}. 31)
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Equation (31) is an algebraic equation for 5 of even degree 2M in general. The condition for the forma-
tion of continuous bands can be written as

|Bml = |Bma1l, (32)

where the solutions (3; are ordered such that |3, < |[8,| < -+ <|Bam|. The locus of By and fy4 satisfy-
ing this equality defines the GBZ Cg. In a Hermitian system one has |Sy| = |Bm+1| = 1, and Cg reduces
to the unit circle |5| = 1. For the present one-dimensional non-Hermitian SSH model with NNN hop-
ping, equation (31) is quartic in £, yielding four solutions 5; (i = 1,2,3,4). Sorting them by magnitude
gives |81 < |Ba] < |B5] < |Psl> and the continuum-band condition simplifies to

|Ba2| = | Bs]- (33)

To solve equation (31) under the constraint (33), we set E* = f{3) and suppose that two solutions 3 and
3’ share the same modulus: |3 = |3’|. Writing 3 with real § and imposing E* = f(3¢") = 0 leads to

0= (t2 + %) B2 (1—e )
(- ) s 2620

“flos Do (-3 (- Do)
(=20 (1),

(34)

with 6 € (0,27 ). Thus the problem of finding 3 is transformed into solving for 6. Once a permissi-

ble 6 is obtained from equation (34), the corresponding J3 satisfying |3| = |3¢"| gives a point on the
GBZ. Combining this with the ordering condition |5;| = | 55|, we identify 5 and 8’ with 8, and 3,
respectively. Consequently, the GBZ Cg is precisely the set of 5 values that fulfill |3| = |5’|. After deriv-
ing the theoretical formula for the GBZ, we further investigate the effect of NNN hopping terms on its
structure.

The above GBZ construction provides a geometric foundation for distinguishing two distinct critical
phenomena that occur at different parameter values in our model. The first is the suppression of the
NHSE, which is quantitatively characterized by the contraction of the GBZ towards the unit circle. We
define the radial deformation ratio

roez = :g?:7 (35)

where 7 and [, are respectively the smallest and largest moduli among the four solutions of
equation (30). In a Hermitian limit rggz = 1, whereas a strong NHSE corresponds to rgpz > 1. As the
NNN hopping t; increases, rgpz monotonically decreases, and the condition

rez — 1 <= NHSE fully suppressed, (36)

yields a critical value t§Skin) (or equivalently CgSkin)). This is a metric condition on the spectral locus: it
indicates when the open-boundary spectrum collapses onto the periodic-boundary one, irrespective of
topological invariants. The second criticality is the topological phase transition, which is governed by
the non-Bloch winding number v. According to the argument principle (see appendix B), a change in
v occurs only when a zero of either Ry (3) or R_(/3) crosses the GBZ contour Cg. Mathematically, this
happens when there exists a point 3y € Cg such that

Ry (6o) =0, with |Bo| = |B| for the paired GBZ solutions. (37)

Equivalently, the gap-closing condition Ry (8)R_(8) =0 on the GBZ defines the topological transi-
tion point tgt()po) (and the corresponding ngpo)). This is a homotopy condition: the winding number
is a topological invariant that can only change when the integration contour is pierced by a zero of the

off-diagonal entries. Importantly, tgsm) and tgt(’po) do not coincide in general. For our parameter set,

C§Ski“) ~ 500 pF (where the OBC and PBC spectra nearly overlap), while ngpo) ~ 590 pF (where the
non-Bloch winding number jumps). This separation stems from the fact that the radial contraction of
the GBZ is governed by the moduli of 3, whereas the zero-crossing condition depends on both the mod-
uli and the phases of the roots. In geometric terms, the GBZ may approach the unit circle (suppressing
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Figure 16. Evolution of the GBZ shape with increasing NNN hopping strength t3, shown in (al) and (a2). (a) 13 = 0.2,
(b) 3 =0.4, (¢) 13 = 0.6, (d) 13 = 0.8, (e) 3 = 1. Other parametersare 1 = 1,1, = 1.4,y1 = 1/3,y, =2/3.

the skin effect) before any of the zeros of R. (/) actually cross the contour; the topological transition
requires a specific trajectory of zeros through the GBZ. Hence, the two phenomena are controlled by
different functions of the circuit parameters, and their non-coincidence is a hallmark of non-Bloch bulk-
boundary correspondence in the presence of long-range couplings. This separation is explicitly demon-
strated in our numerical results (figures 16 and 17), where the GBZ becomes nearly circular at t; ~ 0.9
(corresponding to Cs ~ 500pF), while the winding number remains quantized until a larger #; value is
reached. Only when the zeros cross the GBZ does the winding number jump, signaling the true topolog-
ical phase transition.

We note that in practical circuit implementations, parasitic effects such as stray capacitances, parasitic
inductances, and series resistances may quantitatively modify the GBZ. Specifically, these effects can: (i)
alter the frequency dependence of the effective couplings, shifting the solutions /3 that define the GBZ
contour; (ii) introduce unintended hopping channels between non-adjacent nodes through stray cou-
plings; and (iii) break the precise symmetry of forward and backward hopping amplitudes via routing-
induced crosstalk, potentially shifting the critical parameters of the band gap closure. Nevertheless, previ-
ous experimental studies on non-Hermitian topological circuits have demonstrated that the GBZ topol-
ogy remains robust against moderate parasitic effects, and the qualitative behavior, namely the continu-
ous deformation of the GBZ toward the unit circle with increasing NNN hopping, remains unchanged.
A detailed quantitative analysis of these effects is left for future experimental work. Recent studies have
shown that NHSE can significantly affect noise propagation, further motivating the distinction between
deterministic eigenmode profiles and fluctuation-sensitive observables.

Figure 16 illustrates the evolution of the GBZ shape as the NNN hopping strength #; increases. When
t; is relatively small, with 3 ranging from 0.2 to 0.8, the GBZ exhibits a distinctly non-circular shape.
This distorted geometry is a direct signature of the NHSE, where eigenstates acquire complex wavevec-
tors and localize exponentially at the boundaries. As 3 increases, the GBZ undergoes a systematic trans-
formation toward a unit circle. The progression from figures 16(al) to (a2) shows the curve contracting
and gradually approaching circular geometry. This evolution corresponds to the weakening of NHSE
due to enhanced inter-site connectivity provided by NNN hopping, which dilutes boundary effects and
promotes more uniform bulk distribution of eigenstates. When #; reaches 1 (figure 16(a2)), the GBZ
closely approximates a perfect unit circle. This indicates that the system eigenstates have largely recov-
ered extended, Bloch-like character with significantly reduced sensitivity to boundary conditions. The
observed convergence suggests that beyond a critical #; value, the GBZ would collapse entirely onto
the unit circle, signaling a transition from non-Hermitian localized states to Hermitian-like extended
states. This visual narrative demonstrates how NNN hopping parameter t; acts as a control knob, driv-
ing the system from strong non-Hermitian behavior with prominent boundary localization toward
near-Hermitian regime with bulk-extended states, providing theoretical guidance for manipulating non-
Hermitian topological properties through coupling range engineering. The continuous deformation of
the GBZ toward the unit circle directly reflects the suppression of the NHSE and suggests a correspond-
ing evolution in the system topological properties. To quantitatively characterize this evolution, we now
examine the non-Bloch topological invariants defined on the GBZ contour. These invariants provide a
rigorous framework for identifying topological phase transitions and establishing the bulk-boundary cor-
respondence in non-Hermitian systems. From the mapping perspective, these parasitic effects modify the
ideal correspondence C; <+ 7/2, Cy <> 72/2, and Cs <> 13 in several ways: (i) stray capacitances renor-
malize the coupling strengths as C; — C; + dC;; (ii) unintended hopping channels between non-adjacent
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nodes introduce additional terms in hsp(k) and hga(k); and (iii) routing-induced crosstalk breaks the
precise symmetry between forward and backward hopping amplitudes. Nevertheless, these corrections are
perturbative and do not close the bulk gap or alter the topological phase transition qualitatively in the
parameter regime studied in this work, as demonstrated in previous non-Hermitian topological circuit
experiments.

5.2. Evolution of non-Bloch topological invariants

We further validate our findings by examining the influence of NNN hopping on topological invariants.
In non-Hermitian systems, the conventional bulk-boundary correspondence breaks down, and stan-
dard topological invariants fail to accurately capture the system properties. We therefore employ non-
Bloch topological invariants for a faithful description. First, we can determine that the eigenvalue of the

Hamiltonian is E4(83) = ++/R4 (8)R_(3) by applying the equation (27). For the eigenvectors E (3)
and E_ (), we obtain their normalized left and right eigenvectors, which can be expressed as

|u >=1( Ry ) (38)
ot \/i\/RJrR, VR+R* ’

_ 1 Ry
)= o (). .

1
(ur+| = NN (R-, VR{RD), (40)

1
(ur,—| =

NN

Next, we define the matrix Q(8), which can be written as

(R-, —VR{RD). (41)

Q(B) = (|MR’+><ML’+|_|MR’><ML’):<q10(5) Q(()5)>
-t (0 Ry (6))
Ry (B)R-(B) (R B o ) (42)
where
R: (B) . R_(B)
V=Tmore VT kRor o (43)
Wemore C VT Roro
Finally, we compute the winding number w for the Hamiltonian H(/3), defined as follows
i
12 = R d —1
2 o, 414 (8)
1 [argRy (B) —argR_(B)]c,
=~ ;
- _%7 (44)

where vy = 5 [argRy (B)] Cy largR+(B)] Cs denotes the phase change of R.(/3) as § traverses the con-
tour Cg along the GBZ in the counterclockwise direction. The winding number takes the value v =1
when the system is in a topological phase, and v =0 in an ordinary phase. Topological phase transi-
tions are consequently identified by changes in the non-Bloch winding number v. We emphasize that
the quantization of the non-Bloch winding number v is preserved throughout the tuning process of
the NNN hopping strength #5. This can be rigorously understood as follows. The winding number v

is defined on the GBZ contour Cg as v, which counts the winding of the phase functions R4 (5) as /3
traverses the closed contour. As t; varies, both the GBZ contour and the functions Ry () deform con-
tinuously. As long as the point gap remains open i.e. R4 (5)R_(5) # 0 on Cg, the integration path can
deform continuously without crossing any singularities. According to the argument principle (equiva-
lently, the homotopy invariance of winding numbers), the winding number remains quantized and can-
not change during this continuous deformation. Only when the point gap closes at the critical coupling
# do the zeros of Ry (3) traverse the GBZ contour, causing the winding number to jump discretely from
v =1 to v = 0. This gap-closing condition corresponds precisely to the topological phase transition.
Therefore, NNN hopping merely shifts the location of the phase transition (the critical parameter #5)
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Figure 17. Evolution of the non-Bloch topological invariant v via t; with increasing NNN hopping strength 3,
t; = 0.2,0.4,0.6,0.8,1 Other parametersare t; = 1, 1, = 1.4, v, = 1/3, Y2 =2/3.

without altering the quantized values of the topological invariant itself. A detailed analytical derivation is
provided in appendix B.

Figure 17 illustrates the evolution of the non-Bloch topological invariant with increasing NNN hop-
ping strength t;. Together with figure 16, which depicts the deformation of the GBZ, this figure provides
a complete picture of how the topological properties of the system are controlled. As shown, with #;
increasing stepwise from 0.2 to 1, the topological invariant exhibits a clear jump. This change is directly
linked to the contraction of the GBZ from a non circular shape toward the unit circle in figure 16,
indicating that NNN hopping not only alters the spatial distribution of eigenstates but also profoundly
affects the topological order of the system. From a physical perspective, the jump in the topological
invariant signals a non-Hermitian topological phase transition. When #; is small, the strong NHSE causes
significant GBZ deformation away from the unit circle. At the same time, the non-Bloch winding num-
ber takes the value v = 1, indicating the presence of topologically protected boundary states. These two
features? GBZ deformation and topological invariant?are distinct: the former signals the NHSE (local-
ization of bulk states), while the latter determines the topological phase. As t; increases, the NHSE is
gradually suppressed (the GBZ contracts toward the unit circle), and separately, the system undergoes
a topological phase transition when the gap closes, causing the winding number to jump from v =1 to
v=0.

More specifically, the topological invariant v is defined on the GBZ contour Cg. When 3 < #, the
GBZ is a closed loop that encloses the origin, and the winding number v = 1 corresponds to a topo-
logically nontrivial phase with boundary-localized skin modes. As #; increases and approaches #;, the
GBZ contracts and the band gap narrows. At 3 = 5, the band gap closes, and the GBZ passes through
the origin, leading to a singularity in the winding number calculation. For t3 > #5, the GBZ no longer
encloses the origin, and the winding number becomes v = 0, corresponding to a topologically triv-
ial phase with extended bulk states. Thus, the jump of v is a direct consequence of the band topology
change driven by the continuous deformation of the GBZ and the associated band gap closure, estab-
lishing a clear and quantitative connection between the NNN hopping parameter #; and the topological
phase transition. Through multi-faceted analyses of the admittance spectrum, eigenstate distribution,
impedance response, and inverse participation ratio, we have demonstrated that the NNN hopping Cs
(corresponding to the coupling strength t3) serves as an effective parameter for modulating the topologi-
cal and localization properties of the non-Hermitian SSH circuit. By enhancing the connectivity between
lattice sites, it drives the GBZ to contract toward the unit circle, thereby significantly suppressing the
NHSE and inducing a continuous transition from boundary-localized to bulk-extended states. These
results, grounded in observable spectral and spatial properties, provide a comprehensive foundation
for understanding the role of NNN hopping in non-Hermitian topological systems. The above analysis
establishes a quantitative connection between NNN hopping and the topological phase transition, where
the discrete jump of the non-Bloch winding number reflects the continuous deformation of the GBZ
and the associated band gap closure, providing a rigorous theoretical foundation beyond the intuitive
picture of enhanced bulk connectivity. It is worth noting that the parameter value at which the OBC and
PBC spectra nearly overlap (Cs ~ 500pF) does not coincide with the topological transition threshold #.
This is because these two critical points are governed by distinct physical mechanisms: the former corre-
sponds to the geometric condition of GBZ contraction toward the unit circle (suppression of the NHSE),
while the latter corresponds to the topological condition of zero-crossing of the GBZ contour (change in

20



10P Publishing

New J. Phys. 28 (2026) 084518 C-JHan et al

the non-Bloch winding number). These conditions are controlled by different functions of the parame-
ters and are therefore not generally simultaneous, which is a hallmark of the boundary sensitivity inher-
ent to non-Hermitian systems.

From an experimental perspective, the proposed circuit design can be readily implemented with stan-
dard components: the NNN hopping capacitance Cs is realized by a conventional capacitor, while the
non-Hermitian hopping terms (Cs and C4) can be implemented using INICs as schematically shown in
figure 1(d), offering a clear pathway for future experimental verification. The finite-size scaling behav-
ior warrants further discussion: near the critical point C{ ~ 590 pF, the localization length £ diverges as
& ~|Cs — C5| ™!, and the NHSE is suppressed when ¢ > L, implying |Cs — C5| ~ 1/L for larger arrays,
while away from criticality & is finite and size-independent; our IPR analysis for different system sizes
(figure 14) confirms that the qualitative trend persists in the thermodynamic limit with 1/L corrections
to the critical point, consistent with previous circuit experiments in moderate-sized systems (N ~ 10-20
nodes). We further note that this mechanism may generalize to two-dimensional topological circuit net-
works, where NNN hoppings would connect sites in both directions and potentially give rise to richer
phenomena such as corner states and higher-order topology; however, the critical parameter relationship
would become more complex as the 2D GBZ is a region rather than a contour, and the critical param-
eters would likely depend on lattice geometry and boundary conditions, meaning a direct quantitative
mapping from our 1D results may not hold universally, although the qualitative trend that increasing
NNN hopping suppresses boundary localization is expected to remain valid. Beyond these theoretical
extensions, we envision practical applications for a device capable of single-parameter tuning between
boundary-localized and bulk-extended states: dynamically reconfigurable directional amplifiers with
adjustable amplification direction and strength, sensors with tunable sensitivity exploiting the NHSE’s
extreme sensitivity to parameter variations, and more broadly, a reconfigurable circuit platform that can
perform different functions amplification, sensing, or filtering simply by adjusting Cs, offering a pathway
toward integrated topological devices.

6. Conclusion

In summary, we have studied a one-dimensional non-Hermitian SSH model with NNN hopping on a
circuit platform, focusing on deterministic linear-response properties. Our conclusions regarding the
suppression of NHSE and topological phase transitions apply to admittance spectra, impedance pro-
files, and eigenmode distributions under coherent driving. They should not be interpreted as state-
ments about physical correlations, noise distributions, or occupation probabilities, which would require
a full Langevin or fluctuation analysis. We find that increasing the NNN hopping strength suppresses
the NHSE, driving boundary-localized eigenstates into the bulk and reducing the inverse participation
ratio. Under open boundary conditions, the impedance distribution transitions from a boundary peak
to a uniform profile, while under PBCs, eigenstates remain extended. Using non-Bloch band theory, we
show that NNN hopping continuously deforms the GBZ toward the unit circle and induces a discrete
jump in the non-Bloch winding number, signaling a topological phase transition. Our results establish
NNN hopping as an effective parameter for controlling non-Hermitian topological phases and provide
a flexible circuit platform for realizing tunable topological devices in future experimental implementa-
tions. Importantly, beyond the intuitive expectation that bulk connectivity suppresses boundary local-
ization, our work provides a quantitative framework connecting NNN hopping to GBZ deformation,
non-Bloch topological invariants, and multi-parameter competition, thereby offering a comprehensive
and experimentally accessible characterization of the NHSE suppression and the associated topological
phase transition.
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Appendix A. Impedance calculation of non-Hermit system

For a circuit with N nodes, the voltage and current at each node are V= (Vy,...,Vy)T and I =
(It,...,IN)". According to Kirchhoff’s theorem, the two satisfy

I1=JV, (A1)

where J is the Laplace matrix of the circuit system (also called the admittance matrix). Under the con-
dition of J being invertible, the inverse matrix is defined as the Green function G, which has the general
form

Gn Gi -+ Giv
X Gy Gpn -+ G
Gvi Gn, -+ G

where Gj; is the Green function coefficient between the nodes i and j, which is directly related to the

impedance. The linear response relationship between voltage and current can be expressed as V = GL
According to the above relation, the impedance between any two nodes A and B in the circuit can

be solved. Assuming that an excitation current I is input to node A from the outside and then flows

out from node B, all other nodes have zero current, then I, = I, Iz = —I ,I,, = 0. Substitute it into

equation (A2)
Va Gar Ggp 1
_ , A3

According to Ohm’s law, the impedance between two points is

Vi—V,
Zap = % = Gpa + Gpp — Gap — Gpa, (A4)

To further express the impedance in spectral form, we first examine the case where J is unitarily diago-
nalizable. Let U be a unitary matrix such that U'JU = , where j = diag(ji,...,jn) is a diagonal matrix
composed of eigenvalues. Since G =J~! , the diagonalization yields U'GU = j~!. Thus, the Green func-
tion G can be expressed as G = Uj~ ' U'. Substituting the matrix elements yields

N
1
Gap = Z —UnnUg,,. (A5)

n=17"

Therefore, impedance can be expressed as

N
1
ZAB=Z].—\UM— Usn|”. (A6)

n=1-"

If V,, denotes the normalized eigenvector of ] with components V4 and V,5 , the above expression can
be equivalently written as

N
1
Zap = Z —|Via — Vipl*. (A7)

n=1""

When the circuit is non-Hermitian, the matrix J is generally not diagonalizable by unitary transforma-
tions, and it is necessary to distinguish between the right and left eigenstates. The right eigenstate |V7,)
and the left eigenstate (V/,| are defined as satisfying

JIVEY = ulVEY, (VAT =ju (V. (A8)
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Under the dual orthogonal normalization condition (V%|V",) = d,,, , there exists a completeness relation

D IVIvil =1, (A9)
thus J~! can be expanded in the spectrum

G=7' =3 LIV, (A10)

n
Therefore, the impedance between two points in a non-Hermitian system can be expressed as

N

ZABZM(VE«AVZB)(VZAWB)- (Al1)

n:lJ”

Appendix B. Analytical derivation of the quantization of the Non-Bloch winding
number

In this appendix, we provide an analytical derivation of why the non-Bloch winding number remains
quantized as the NNN coupling strength #; varies, with only the critical transition point being shifted.
The definitions of the GBZ Cg and the non-Bloch winding number v follow those given in section 5.
The generalized Bloch Hamiltonian is H(3) = Ry (8)oy + R_(8)o_, with

_ 22 g1 _n
Re(@)=(n+ )7+ (n—2) +68, (B1)
—4.8-1 n _n
Ro(B) =187+ (n+2)+ (-2 (B2)
The zeros of R () satisfy Ry () = 0. Multiplying by §, we obtain a quadratic equation
s (p %Y _
t33 +(t1 2>B+(t2+2)_0. (B3)

Thus the two zeros are

—(n=3) = (0= 3) e (o4 )

By = T (B4)

Similarly, the zeros of R_(f3) are
oY+ 3) (a3 o
=T 2= 3) | .

These expressions show explicitly that t; continuously deforms the positions of the complex zeros of
R4 (). According to the argument principle, the winding number v = 3-[argR.()]c, counts the dif-
ference between the number of zeros (Ni) and poles (P+) of Ry () enclosed by the GBZ contour Cg:

vy =Ni —Py. (B6)

Since both R4 () and R_ () have a simple pole at § =0, and assuming that Cg encloses the origin, we
have P+ = 1. Therefore,

Vv —Vy _Nf—N+

2 2 (B7)

V=

Thus, the non-Bloch winding number v depends only on the numbers of zeros of R. () enclosed by
the GBZ contour.

When t; is varied continuously, both the zeros of Ry () and the GBZ contour Cg deform contin-
uously. As long as no zero crosses Cg, the integers N4 remain unchanged. Consequently, the winding
number v remains constant within a given gapped phase. This is precisely the homotopy invariance
of the winding number: the map from Cs to the punctured complex plane C\ {0} cannot change its
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homotopy class without crossing a singularity. A topological phase transition occurs only when a zero of
Ry (B) crosses the GBZ contour:

18 € Cﬁ) Ry (Bc) =0. (B8)

At this point, the gap closes (R4 R_ = E?> = 0), and the winding number changes discontinuously. It is
important to emphasize that the vanishing of the quadratic discriminant,

71)2 ( 72)
h—— | —4t: |t — =0 B9
(1 5 3 2+2 ) (B9)
or
2
(tl + %) —4t3 (tz — %) =0, (B10)

only indicates the coalescence of two zeros of the corresponding quadratic equations and is not suffi-
cient to determine a topological phase transition. The actual transition condition requires that a zero
lies exactly on the GBZ contour. In summary, #; continuously deforms the zeros of Ry (/) and the GBZ
contour Cg, but it does not change the integer value of the non-Bloch winding number within a given
gapped phase. It merely shifts the phase boundaries (the critical parameter #) by modifying the condi-
tion under which a zero crosses the GBZ. The winding number changes only when the variation of #;
drives a zero of Ry () across Cg, corresponding precisely to the gap-closing condition of a topologi-
cal phase transition. This analytical result confirms that the quantization of the non-Bloch topological
invariant is preserved throughout the tuning process.
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